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SPECIAL LAGRANGIAN AND DEFORMED HERMITIAN
YANG–MILLS ON TROPICAL MANIFOLD
HIKARU YAMAMOTO
Abstract. From string theory, the notion of deformed Hermitian Yang–Mills
connections has been introduced by Marin˜o, Minasian, Moore and Strominger
[8]. After that, Leung, Yau and Zaslow [7] proved that it naturally appears
as mirror objects of special Lagrangian submanifolds via Fourier–Mukai trans-
form between dual torus fibrations. In their paper, some conditions are im-
posed for simplicity. In this paper, data to glue their construction on tropical
manifolds are proposed and a generalization of the correspondence is proved
without the assumption that the Lagrangian submanifold is a section of the
torus fibration.
1. Introduction
Leung, Yau and Zaslow [7] studied deformed Hermitian Yang–Mills connections.
From string theory, the notion had been introduced by Marin˜o, Minasian, Moore
and Strominger [8]. Let W be a Ka¨hler manifold with a Ka¨hler form ω˜ and L →W
be a complex line bundle with a Hermitian metric h.
Definition 1.1. Fix a constant θ ∈ R. A Hermitian connection D on L is called a
deformed Hermitian Yang–Mills connection with phase e
√−1θ if
(1) F (0,2) = 0 and Im
(
e−
√−1θ(ω˜ + F )m
)
= 0,
where F (0,2) is the (0, 2)-part of the curvature 2-form F of D and m is the complex
dimension of W .
The former condition of (1) is equivalent to that D defines a holomorphic struc-
ture on L, and such a connection is said to be integrable. Additionally, when m = 2
and θ = 0, the latter condition coincides with ω˜ ∧ F = 0 by a simple computation
(ω˜+F )2 = (ω˜2+F 2)+2ω˜∧F and the fact that F is purely imaginary. This is just
the ordinary definition of Hermitian Yang–Mills connections. However, for higher
dimensional case, it is different from that, and is more complicated, especially non-
linear.
In the paper [7], it is proved that the deformed Hermitian Yang-Mills connections
naturally appear as mirror objects of special Lagrangian submanifolds via Fourier–
Mukai transform between dual torus fibrations. A special Lagrangian submanifold is
a half-dimensional submanifold in an almost Calabi–Yau manifold X with a Ka¨hler
form ω and a holomorphic volume form Ω which is not necessary to be parallel.
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Definition 1.2. Fix a constant θ ∈ R. A real m dimensional submanifold L in X
is called a special Lagrangian submanifold with phase e
√−1θ if
(2) ω|L = 0 and Im
(
e−
√−1θΩ
)
|L = 0,
where m is the complex dimension of X .
The former condition of (2) requires L to be a Lagrangian submanifold. With the
latter condition, L becomes a calibrated submanifold with respect to Re(e−
√−1θΩ)
as the original definition by Harvey and Lawson [5]. Especially, L is volume min-
imizing in its homology class. Special Lagrangian submanifolds acquired physical
importance in the context of mirror symmetry by Strominger, Yau and Zaslow [10].
Let us return to the brief introduction of the work of Leung, Yau and Zaslow [7].
In their paper, two conditions are imposed for simplicity. The one is for ambients
and the another is for submanifolds. For ambient spaces X andW , they assume the
following. Let B be an open subset in Rm and φ be a smooth convex function on
B. Define X by X = TB/Λ, where Λ = B×Zm is the lattice bundle in the tangent
bundle TB = B ×Rm. Then, this gives a trivial torus fibration f : X → B. Let yj
be the standard coordinates on each torus fiber Tm := f−1(x). Then, a complex
structure on X is given by coordinates zi := xi +
√−1yi. Moreover, a holomorphic
volume form Ω and a Ka¨hler form ω on X are defined by Ω := dz1 ∧ · · · ∧ dzm and
ω :=
√−1
2
m∑
i,j=1
φijdzi ∧ dz¯j,
where φij is the Hessian matrix of φ. Then, (X,ω,Ω) is an almost Calabi–Yau
manifold. In this setting, we get another almost Calabi–Yau manifold W as W =
T ∗B/Λ∗, where Λ∗ = B × (Zm)∗ is the dual lattice bundle, with a trivial torus
fibration f˜ : W → B. Put x˜i := ∂φ/∂xi, the Legendre transform of φ. Denote the
standard coordinates on each dual torus fiber T˜m := f˜−1(x) by y˜i and the inverse
matrix of φij by φ
ij . Then, a complex structure on W is given by coordinates
z˜i := x˜i +
√−1y˜i, and we get a holomorphic volume form Ω˜ := dz˜1 ∧ · · · ∧ dz˜m and
a Ka¨hler form
ω˜ :=
√−1
2
m∑
i,j=1
φijdz˜i ∧ d¯˜zj
on W . Clearly, (W, ω˜, Ω˜) is also an almost Calabi–Yau manifold. This situation
is called the semi-flat case, and the pair (X,ω,Ω) and (W, ω˜, Ω˜) is called a mirror
pair or dual torus fibrations. For submanifolds, they assume that L in X is written
as a graph of a section Y of the torus fibration f : X → B. We denote it by
L(Y ) := { (x, Y (x)) ∈ X | x ∈ B }.
In this setting, their idea and theorem are as follows. At each point x ∈ B, we get
a point Y (x) ∈ Tm = f−1(x), and identify Tm with Hom(π1(T˜m), S1) canonically.
Then, by the correspondence between monodromy representations and flat bundles,
Y (x) determines a flat Hermitian connection, denoted by DY (x), on the trivial line
bundle C → T˜m = f˜−1(x) with the standard Hermitian metric. Then, the family
DY (x) along x ∈ B gives a Hermitian connection (which lacks the flatness), denoted
by DY , on the trivial line bundle C → W with the standard Hermitian metric.
3Explicitly, it is written as
DY = d+
√−1
m∑
j−1
Y jdy˜j .
Then, they proved the following equivalence.
Theorem 1.3 ([7]). L(Y ) is a Lagrangian submanifold in (X,ω) if and only if
DY is an integrable connection on C → W . Furthermore, L(Y ) is a special La-
grangian submanifold in (X,ω,Ω) with phase e
√−1θ if and only if DY is a deformed
Hermitian Yang–Mills connection on C→ (W, ω˜) with phase e
√−1θ.
Since L = L(Y ) is a graph of a section, f(L(Y )) (the shadow of L(Y ) by the
projection f : X → B) is B itself. Hence, the dimension of it is dimRB. For the
case when the dimension of the shadow of L ⊂ X , denoted by k, is less than dimRB,
Leung, Yau and Zaslow [7] explain that we get a complex submanifold C ⊂W with
complex dimension k and a deformed Hermitian Yang–Mills connection on a trivial
Hermitian line bundle C over C, not W , by explicit calculation when m = 3. For
general m and k, Chan [1] explains how to generalize the construction of DY from
L(Y ), and prove the equivalence of the conditions of Lagrangian submanifolds and
integrable connections. Furthermore, the base space B treated in [1] is a tropical
manifold.
In this paper, as Chan has done, we take tropical manifolds as base spaces and
we glue the local construction due to Leung, Yau and Zaslow [7] together on the
tropical manifold. The way to glue is similar to the one to construct a global section
of a sheaf from local sections with compatibility. Some basic calculation have been
done in [1] however, this paper has two improvements. One is that the data to
construct submanifolds and connections are explicitly mentioned. The another is
that we prove the equivalence of the conditions of special Lagrangian submanifolds
and deformed Hermitian Yang–Mills connections in this setting.
In the following, we state the main theorem in this paper omitting some def-
initions. Let (B,D,K) be an m-dimensional tropical manifold B with a tropical
structure D = { (Uλ, ψλ) }λ∈Λ and a convex multi-valued function K = {Kλ }λ∈Λ
on B. Then, we get the associated mirror almost Calabi–Yau pair (X(B), ω,Ω) and
(W (B), ω˜, Ω˜), as in Section 2. Fix an integer k with 0 ≤ k ≤ m. Then, we get a fiber
bundle F(k,m)→ B such that the fiber is the set of k-dimensional rational affine
linear subspace in Rm. Fix a constant section V of F(k,m)→ B. We assume the
existence of such V . The definition of F(k,m) and the constant section are given
in Section 3. From V , we construct a k-dimensional submanifold B(V ) in B, as
explained in Section 4. Fix a vector field Y on B(V ). We call these (inductively
taken) data (k, V, Y ) the construction data. In Section 5, we give an explicit way
to construct an m-dimensional submanifold L(V, Y ) in X(B) from (k, V, Y ) such
that the dimension of the image of it by f : X(B)→ B is k. In Section 6, we give
an explicit way to construct a complex submanifold C(V ) in W (B) with complex
dimension k and a Hermitian connection DY on the trivial line bundle C over C(V )
with the standard Hermitian metric. We give a Ka¨hler structure on C(V ) by the
restriction of ω˜. Then, the main theorem of this paper is the following.
Theorem 1.4. L(V, Y ) is a Lagrangian submanifold in (X(B), ω) if and only if
DY is an integrable connection on C → C(V ). Furthermore, L(V, Y ) is a special
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Lagrangian submanifold in (X(B), ω,Ω) with phase e
√−1θ if and only if DY is a
deformed Hermitian Yang–Mills connection on C→ (C(V ), ω˜) with phase e
√−1θ.
The proof will be done by converting each property of L(V, Y ) and (DY , C(V ))
to one of (k, V, Y ). The correspondence is summarized as Table 1. The first line
(the triviality) is proved by Proposition 5.2 and 6.2. The middle and final line
are just consequences from Proposition 5.3 and 6.3, and Proposition 5.4 and 6.4,
respectively.
Table 1. Correspondence
L(V, Y ) in X(B) is Data (k, V, Y ) DY on C(V ) (⊂W (B)) is
trivial Y is normal trivial
Lagrangian Y is locally gradient integrable
special Lagrangian Y satisfies (15) deformed Hermitian Yang–Mills
To state our main theorem, we assumed the existence of a constant section V of
F(k,m) → B. When k = m, then F(m,m) = B × {Rm }, and there exists only
one constant section V of F(m,m) → B, that is, V (x) = Rm. For such V , we see
that B(V ) becomes B itself and Theorem 1.4 is reduced to Theorem 1.3. However,
when k < m, the existence of constant sections of F(k,m)→ B is not assured. It
might depend on the global geometry of (B,D,K), the tropical manifold with a
convex multi-valued function.
Finally, we mention some related studies of deformed Hermitian Yang–Mills con-
nections, though it is relatively rare. For example, Jacob and Yau [6] considered an
analogue of Lagrangian mean curvature flows for Hermitian connections. Collins,
Jacob and Yau [2] gave a priori estimates and proved the existence of deformed
Hermitian Yang–Mills connections under some assumptions and found some ob-
structions to the existence. By using a different method from [2], Pingali [9] gave
similar a priori estimates for deformed Hermitian Yang–Mills connections. More
recently, Collins, Xie and Yau [3] provided an introduction to deformed Hermit-
ian Yang–Mills connections and gave a new Chern number inequality under the
assumption that a deformed Hermitian Yang–Mills connection exists.
Organization of this paper. This section, Section 1, is an introduction to main
subjects in this paper. The notions of deformed Hermitian Yang–Mills connections
and special Lagrangian submanifolds are defined in this section. The idea of Leung,
Yau and Zaslow [7] and their theorem are reviewed here, and the main theorem of
this paper is also given. Section 2 is just a brief introduction to the tropical ge-
ometry which is a basic material of this paper. Tropical manifolds and associated
dual torus fibrations are explained here. In Section 3, a fiber bundle on a tropical
manifold with a convex multi-valued function is defined. A section of this bundle is
one of important ingredients of our construction. In section 4, the data to construct
a special Lagrangian submanifold and deformed Hermitian Yang–Mills connection
is introduced. In Section 5, we give a procedure to construct a Lagrangian sub-
manifold from the data and give a condition such that it is a special Lagrangian
submanifold. Section 6 is the mirror side argument of Section 5. A complex sub-
manifold and connection over it are constructed, and a condition such that it is a
5deformed Hermitian Yang–Mills connection is given. At the end of this section, we
give a proof of Theorem 1.4.
Acknowledgements. This work was based on private communications with Pro-
fessor A. Futaki, so the author would like to thank him for many suggestions and
stimulating discussions.
2. Setting
In this section, following [4], we explain some terminologies used in semi-flat
mirror symmetry, the toy version of mirror symmetry.
Definition 2.1. A tropical manifold is a manifold B with a differential structure
D = { (Uλ, ψλ) }λ∈Λ such that transition functions ψλ ◦ ψ−1µ lie in Rm ⋊ GL(Zm).
The differential structure D is called a tropical structure and local coordinates
(x1, . . . , xm) on Uλ defined by ψλ : Uλ → Rm are called tropical coordinates.
Definition 2.2. Let B be a tropical manifold with a tropical structure D =
{ (Uλ, ψλ) }λ∈Λ. A multi-valued function on B is a collection of functions K =
{Kλ }λ∈Λ such that each Kλ is a smooth function on Uλ and Kλ − Kµ is affine
linear on Uλ ∩ Uµ with respect to tropical coordinates. A multi-valued function
K is convex if the Hessian of Kλ with respect to tropical coordinates is positive
definite on Uλ for all λ ∈ Λ.
Definition 2.3. A Riemannian metric g on a tropical manifold B with a tropi-
cal structure D = { (Uλ, ψλ) }λ∈Λ is Hessian if there exists a convex multi-valued
function K = {Kλ }λ∈Λ on B such that
g
(
∂
∂xi
,
∂
∂xj
)
=
∂2Kλ
∂xi∂xj
on Uλ for all λ ∈ Λ.
Let (B,D,K) be an m-dimensional tropical manifold B with a tropical structure
D = { (Uλ, ψλ) }λ∈Λ and a convex multi-valued function K = {Kλ }λ∈Λ on B. We
denote by g the Riemannian metric on B associated with K. In what follows, we
call the triplet (B,D,K) a tropical manifold for short. Then, its Legendre transform
is defined as follows. First, we take B itself as the underlying differential manifold.
Next, we define another tropical coordinates (x˜1, . . . , x˜m) on Uλ by
x˜i = x˜i(x) :=
∂Kλ
∂xi
,
that is, the Legendre transform of Kλ, where (x1, . . . , xm) are the original tropical
coordinates on Uλ. Let x
′
i and x˜
′
i be the original tropical coordinates and its
Legendre transforms on Uµ, respectively. Since Kλ−Kµ is affine linear, there exist
real constants ai and c such that Kλ = Kµ +
∑m
i=1 aixi + c. Then, we have
(3) x˜i =
∂Kλ
∂xi
=
∂Kµ
∂xi
+ ai =
m∑
j=1
∂Kµ
∂x′j
∂x′j
∂xi
+ ai =
m∑
j=1
∂x′j
∂xi
x˜′j + ai.
This together with (∂x′j/∂xi)ij ∈ GL(Zm) implies that D˜ := { (Uλ, ψ˜λ) }λ∈Λ with
ψ˜λ = (x˜1, . . . , x˜m) is also a tropical structure on B. Define the function K˜λ on Uλ
6 HIKARU YAMAMOTO
by
K˜λ(x˜) :=
m∑
i=1
x˜ixi −Kλ(x).
Then, one can easily prove that K˜ := { K˜λ }λ∈Λ is a convex multi-valued function
on B with respect to the tropical structure D˜. We call the triplet (B, D˜, K˜) the
Legendre transform of (B,D,K).
Let (B,D,K) be an m-dimensional tropical manifold. For a chart Uλ, a module
Λ|Uλ over Z is defined by
Λ|Uλ := Z
∂
∂x1
+ · · ·+ Z ∂
∂xm
.
Since B is tropical, Λ|Uλ and Λ|Uµ are compatible over Uλ ∩ Uµ. Thus, the lattice
bundle Λ ⊂ TB is defined by gluing these together. Then, the complex manifold
X(B) is defined by
X(B) := TB/Λ
with holomorphic coordinates zi := xi+
√−1yi, where yi is the coefficient of ∂/∂xi
of an element in TxB. We denote the projection map by f : X(B) → B and it is
clear that each fiber is an m-dimensional torus Tm. Hence, f : X(B) → B is a
torus fibration over B. Since B is tropical, a holomorphic (m, 0)-form defined by
Ω := dz1 ∧ · · · ∧ dzm
is well-defined and nonvanishing. By using K as potential functions, a Ka¨hler form
ω on X(B) is defined by
(4) ω :=
√−1
2
∑
i,j
∂2Kλ
∂xi∂xj
dzi ∧ dzj
on each Uλ and these are compatible on Uλ ∩ Uµ. One can easily check that
ωm
m!
=
(√−1
2
)m
(−1)m(m−1)2 det
(
∂2Kλ
∂xi∂xj
)
Ω ∧ Ω¯.
Thus, (X(B), ω) is Ricci-flat if and only if every Kλ satisfies
det
(
∂2Kλ
∂xi∂xj
)
= const,
the so-called real Monge–Ampe`re equation. In this paper, we do not assume that
(X(B), ω) is Ricci-flat. A 2m-dimensional Ka¨hler manifold with a nonvanishing
holomorphic (m, 0)-form is called an almost Calabi–Yau manifold. Hence, in our
case, (X(B), ω,Ω) is always an almost Calabi–Yau manifold.
From (B,D,K), we can construct another almost Calabi–Yau manifold by using
the cotangent bundle of B as follows. As above, the dual lattice bundle Λ∗ ⊂ T ∗B
is defied by
Λ∗|Uλ := Zdx1 + · · ·+ Zdxm
on each Uλ. Then, a symplectic manifold W (B) is defined by
W (B) := T ∗B/Λ∗
with the canonical symplectic form
ω˜ :=
∑
i
dxi ∧ dy˜i,
7where y˜i is the coefficient of dxi of an element in T
∗
xB. We denote the torus fibration
by f˜ : W (B) → B. A complex structure on W (B) is defined by coordinates
z˜i := x˜i +
√−1y˜i on each Uλ, where x˜i = x˜i(x) := ∂Kλ/∂xi. A nonvanishing
holomorphic (m, 0)-form is also defined by
Ω˜ := dz˜1 ∧ · · · ∧ dz˜m.
Then, (W (B), ω˜, Ω˜) is also an almost Calabi–Yau manifold. We call (X(B), ω,Ω)
and (W (B), ω˜, Ω˜) a mirror pair associated with (B,D,K). One side is also called
the dual torus fibration of the other side.
3. A fiber bundle over B
Let V be a k-dimensional affine linear subspace in Rm (0 ≤ k ≤ m). In this
paper, we say that V is rational if there exist ξ1, . . . , ξk, ζk+1, . . . , ζm in Z
m and
a ∈ Rm such that
det(ξ1, . . . , ξk, ζk+1, . . . , ζm) = ±1 and V = Rξ1 + · · ·+ Rξk + a.
Put V := Rξ1 + · · · + Rξk and call it the linear part of V . We denote the set of
all k-dimensional rational affine linear subspaces in Rm by F (k,m). For (b, A) ∈
Rm ⋊GL(Zm), we define its action on F (k,m) by
(5) (b, A) · V := AV + b.
One can easily check that AV + b is also in F (k,m).
Let (B,D,K) be an m-dimensional tropical manifold. On Uλ ∩ Uµ, put
(6) A(λ, µ)ji :=
∂(ψµ ◦ ψ−1λ )i
∂xλj
and b(λ, µ)j :=
∂(Kλ −Kµ)
∂xλj
,
where (xλi )
m
i=1 are tropical coordinates on Uλ. Then, by definition, A(λ, µ)
j
i and
b(λ, µ)j are constants and A(λ, µ) := (A(λ, µ)ji ) ∈ GL(Zm). Since
A(λ, µ)ji =
∂xµi
∂xλj
=
m∑
ℓ=1
∂xµi
∂xνℓ
∂xνℓ
∂xλj
=
m∑
ℓ=1
A(λ, ν)jℓA(ν, µ)
ℓ
i
on Uλ ∩ Uν ∩ Uµ, we have A(λ, µ) = A(λ, ν)A(ν, µ). Furthermore, since
b(λ, µ)j =
∂(Kλ −Kν +Kν −Kµ)
∂xλj
=b(λ, ν)j +
m∑
ℓ=1
∂(Kν −Kµ)
∂xνℓ
∂xνℓ
∂xλj
= b(λ, ν)j +
m∑
ℓ=1
A(λ, ν)jℓb(ν, µ)
ℓ,
we have b(λ, µ) = b(λ, ν) +A(λ, ν)b(ν, µ). These imply that
(7) (b(λ, µ), A(λ, µ)) = (b(λ, ν), A(λ, ν)) · (b(ν, µ), A(ν, µ))
in Rm⋊GL(Zm). By this observation, we obtain an F (k,m)-bundle over B. More
precisely, let Uλ×F (k,m) be the trivial F (k,m)-bundle over Uλ. Define transition
functions Θ(λ, µ) : Uλ ∩ Uµ → Bij(F (k,m)) by
Θ(λ, µ)(x) := (b(λ, µ), A(λ, µ)),
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where Bij(F (k,m)) is the set of all bijections from F (k,m) to itself and we identify
elements in Rm⋊GL(Zm) with elements in Bij(F (k,m)) by the action (5). The rela-
tion (7) says that Θ(λ, µ) satisfy the cocycle condition, and hence we get a F (k,m)-
bundle over B by gluing each trivialization with the transition functions. We denote
this F (k,m)-bundle over B by F(k,m) and the projection by π : F(k,m) → B.
We also denote the local trivialization by Ψλ : π
−1(Uλ) → Uλ × F (k,m) and the
set of all sections of F(k,m) over B by Γ(B,F(k,m)).
Definition 3.1. We say that a map Vλ : Uλ → F (k,m) is constant if there exist
ξ1, . . . , ξk, ζk+1, . . . , ζm in Z
m and a ∈ Rm which satisfy
(8) det(ξ1, . . . , ξk, ζk+1, . . . , ζm) = ±1 and Vλ(x) = Rξ1 + · · ·+ Rξk + a
for all x ∈ Uλ, that is, a does not depend on x ∈ Uλ. For a global section V ∈
Γ(B,F(k,m)), define a local section Vλ : Uλ → F (k,m) by
(9) (x, Vλ(x)) = Ψλ ◦ V (x).
Then, a section V ∈ Γ(B,F(k,m)) is constant if Vλ is constant for all λ ∈ Λ.
Remark 3.2. When k = m, then F (m,m) = {Rm }, a one-point set. Hence,
F(m,m) is a trivial one-point set bundle over M and the constant section trivially
exists. However, for k < m, the existence of constant sections of F(k,m) → B is
not assured.
4. Construction Data
Let (B,D,K) be an m-dimensional tropical manifold. Fix an integer k with 0 ≤
k ≤ m and let F(k,m) be the F (k,m)-bundle over B defined in Section 3. Assume
that there exist at least one constant section of F(k,m) over B. Fix a constant
section V ∈ Γ(B,F(k,m)). From V , we construct the associated submanifold B(V )
in B with dimension k as follows. Define a collection of maps {µλ : Uλ → Rm }λ∈Λ
by
(10) µλ(x) := x˜1(x)e1 + · · ·+ x˜m(x)em,
where (x˜i)
m
i=1 is the Legendre transform of the tropical coordinates on Uλ. This is
an analogue of a (locally defined) moment map of a toric Ka¨hler manifold which is
restricted to its real form, see (12). In this case, the real form is B. We observe the
relation µλ and µν on the intersection Uλ ∩Uν . By the formula (3) and definitions
(6), we have
x˜λi =
m∑
j=1
A(λ, ν)ij x˜
ν
j + b(λ, ν)
i.
This implies that
(11) µλ(x) = A(λ, ν)µν + b(λ, ν).
Define Uλ(V ) := { x ∈ Uλ | µλ(x) ∈ Vλ(x) }.
Proposition 4.1. Uλ(V ) is a k-dimensional submanifold in Uλ.
Proof. Since V is a constant section, for each λ there exist ξ1, . . . , ξk, ζk+1, . . . , ζm
in Zm and a ∈ Rm which satisfy (8). By using the standard basis e1, . . . , em, we get
an isomorphism Rm ∼= (Rm)∗, and ξ1, . . . , ξk, ζk+1, . . . , ζm denote the dual basis
9of the basis ξ1, . . . , ξk, ζk+1, . . . , ζm. Then, we have Vλ(x) = { x˜ ∈ Rm | 〈x˜, ζj〉 =
〈a, ζj〉 , j = k + 1, . . . ,m } and also have
Uλ(V ) = { x ∈ Uλ | 〈µλ(x), ζj〉 = 〈a, ζj〉 , j = k + 1, . . . ,m }.
For j = k + 1, . . . ,m, define functions fj on Uλ by fj(x) := 〈µλ(x), ζj〉 − 〈a, ζj〉.
Then, Uλ(V ) is the intersection of zero sets of fj . Note that
(12)
dfj =d〈µλ, ζj〉 = 〈e1, ζj〉dx˜1 + · · ·+ 〈en, ζj〉dx˜m
=〈e1, ζj〉
m∑
ℓ=1
∂2Kλ
∂x1∂xℓ
dxℓ + · · ·+ 〈en, ζj〉
m∑
ℓ=1
∂2Kλ
∂xm∂xℓ
dxℓ = −ω
(
ζj♯, · ) ,
where ω is the symplectic form defined by (4) and ζj♯ is defined by
ζj♯ := 〈e1, ζj〉 ∂
∂y1
+ · · ·+ 〈em, ζj〉 ∂
∂ym
.
Since ω is non-degenerate and ζj♯ (j = k + 1, . . . ,m) are linearly independent, we
see that dfj (j = k + 1, . . . ,m) are linearly independent. Thus, by the implicit
function theorem, Uλ(V ) is a k-dimensional submanifold in Uλ. 
Next, we will see that each Uλ(V ) coincides in the intersection of Uλ and Uµ.
Proposition 4.2. Uλ(V ) = Uν(V ) in Uν ∩ Uλ.
Proof. Assume that there exists a point x ∈ Uλ(V ) ∩ Uµ. By (11), we have
µλ(x) = A(λ, ν)µν (x) + b(λ, ν) ∈ Vλ(x).
Recall that Vλ(x) is defined by (9). This together with the definition of the bundle
F(k,m) implies that
Vλ(x) = A(λ, ν)Vν (x) + b(λ, ν).
Thus, we proved that µν(x) ∈ Vν(x) and this yields Uλ(V ) ∩ Uν ⊂ Uν(V ) ∩ Uλ.
Interchanging λ and µ, we get the counter inclusion, and the proof is complete. 
By Proposition 4.1 and 4.2, the following definition makes sense.
Definition 4.3. For V ∈ Γ(B,F(k,m)), a submanifold B(V ) in B is defined by
B(V ) :=
⋃
λ∈Λ
Uλ(V ).
Note that dimRB(V ) = k. Roughly speaking, B(V ) is a set what one wants to
write as { x ∈ B | µ(x) ∈ V (x) }. However, in this setting, we do not have globally
defined µ. Hence, we defined Uλ(V ) locally and took the union of these.
We denote the inclusion map by ι : B(V ) →֒ B. Then, we get the pull-back
bundle ι∗(TB) over B(V ). We denote the set of all smooth sections of ι∗(TB) over
B(V ) by Γ(B(V ), ι∗(TB)). In summary, we need the following data.
Definition 4.4. Let k be an integer with 0 ≤ k ≤ m, V ∈ Γ(B,F(k,m)) be a
constant section and Y ∈ Γ(B(V ), ι∗(TB)) be a smooth section. We call the triplet
(k, V, Y ) construction data.
Let (k, V, Y ) be construction data. Here, we prepare some notations to write
propositions and proofs simply. Assume that p ∈ B(V ) is given. Take a tropical
chart (Uλ, x1, . . . , xm) around p. Then, for this λ, there exist ξ1, . . . , ξk, ζk+1, . . . , ζm
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in Zm and a ∈ Rm which satisfy (8). Thus, by the definition of B(V ), the assign-
ment
(13) u = (u1, . . . , uk) 7→ µ−1λ (u1ξ1 + · · ·+ ukξk + a) ∈ Uλ(V )
gives a local parametrization around p when the domain of u is appropriately chosen.
We call this a natural parametrization of B(V ). Define locally defined C-valued
functions by
cij(u) :=
∂xi
∂uj
+
√−1∂Y
i
∂uj
,
where Y i(u) is the coefficient of ∂/∂xi of Y (u). Put
(14) W(u) :=


c11(u) · · · c1k(u)
c21(u) · · · c2k(u)
...
. . .
...
cm1 (u) · · · cmk (u)

 ,Z :=


〈e1, ζk+1〉 · · · 〈e1, ζm〉
〈e2, ζk+1〉 · · · 〈e2, ζm〉
...
. . .
...
〈em, ζk+1〉 · · · 〈em, ζm〉

 ,
and denote the augmentation of W(u) and Z, an m×m matrix, by [W(u)|Z]. In
Proposition 5.4 and 6.4, we will see the same equation;
(15) arg det [W(u)|Z] = θ0.
When Y = ∇f for some function f on B(V ), the equation (15) is considered as a
certain kind of Monge–Ampe`re equation.
5. Construction of a Lagrangian submanifold in X(B)
Let (B,D,K) be an m-dimensional tropical manifold. Fix construction data
(k, V, Y ). Let (xλi )
m
i=1 be tropical coordinates on Uλ. For each x ∈ Uλ, an isomor-
phism Θλ : (R
m)∗ → TxB is defined by
Θλ
(
m∑
i=1
yie
i
)
:=
m∑
i=1
yi
∂
∂xλi
,
where (ei)mi=1 is the standard dual basis of (R
m)∗. Let Vλ(x) be the local expression
of V (x) defined by (9). Define the conormal space of the linear part of Vλ(x) by
V
⊥
λ (x) := {w ∈ (Rm)∗ | 〈v, w〉 = 0 for all v ∈ V λ(x) }.
Since V is a constant section, for each λ there exist ξ1, . . . , ξk, ζk+1, . . . , ζm in Z
m
and a ∈ Rm which satisfy (8). Denote the dual basis of ξi, ζj by ξi, ζj . Then, it is
clear that these dual basis is also unimodular and V
⊥
λ (x) is spanned by { ζj }mj=k+1.
Hence, V
⊥
λ (x)/(Z
m)∗ is isomorphic to an (m − k)-dimensional torus Tm−k. By
using the map Θλ : (R
m)∗ → TxB, an (m−k)-dimensional subtorus T (V ⊥)x in the
torus fiber f−1(x) = TxB/Λx is defined by
(16) T (V ⊥)x := Θλ(V
⊥
λ (x))/Λx.
Lemma 5.1. Θλ(V
⊥
λ (x)) = T
⊥
x B(V ), where ⊥ in the right hand side means the
orthogonal complement of TxB(V ) in TxB with respect to the Riemannian metric
g on B.
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Proof. We use notations and formulas appeared in the proof of Proposition 4.1. It
follows that dfi(v) = 0 for any v ∈ TxB(V ) from fj = 0 on B(V ). This yields
(17) 0 = −ω (ζj♯, v) = g (−Jζj♯, v) .
Note that
−Jζj♯ = 〈e1, ζj〉 ∂
∂x1
+ · · ·+ 〈em, ζj〉 ∂
∂xm
= Θλ(ζ
j).
This implies that Θλ(ζ
j) (j = k + 1, . . . ,m) is a basis of T⊥x B(V ). On the other
hand, Θλ(ζ
j) (j = k + 1, . . . ,m) is nothing but a basis of Θλ(V
⊥
λ (x)). Then, the
proof is complete. 
From Lemma 5.1, it follows that the definition of T (V ⊥)x does not depend on the
choice of the tropical chart. Here, recall that a smooth section Y ∈ Γ(B(V ), ι∗(TB))
is chosen as a part of the construction data. Hence, for each x ∈ B(V ), we can
translate the subtorus T (V ⊥)x in f−1(x) = TxB/Λx by adding Y (x), and we denote
it by
T (V ⊥, Y )x := T (V ⊥)x + Y (x).
Note that, in general, this torus is not a subgroup of f−1(x) since it might not pass
through the origin. By summing up all T (V ⊥, Y )x over B(V ), we get a Tm−k-
bundle over B(V ), and we denote its total space by
L(V, Y ) :=
⋃
x∈B(V )
T (V ⊥, Y )x.
The dimension of the fiber is m− k and the one of the base is k. Hence, L(V, Y ) is
an m-dimensional submanifold in X(B), see Figure 1.
×x
f−1(x)T (V
⊥)x
T (V ⊥, Y )x
Y (x)
×y
f−1(y)
T (V ⊥)y
T (V ⊥, Y )y
Y (y)
B
B(V )
Figure 1. L(V, Y )
Proposition 5.2. T (V ⊥, Y )x = T (V ⊥)x if and only if Y (x) ∈ T⊥x B(V ).
Proof. This follows immediately from the definition (16) and Lemma 5.1. 
By Proposition 5.2, we can assume that Y ∈ Γ(B(V ), ι∗(TB)) satisfies Y (x) ∈
TxB(V ) without loss of generality, that is, Y is a vector field on B(V ).
Proposition 5.3. L(V, Y ) is a Lagrangian submanifold in (X(B), ω) if and only
if Y is locally gradient, that is, Y = ∇f for some locally defined smooth function f
on B(V ).
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Proof. Define a 1-form η on B(V ) by η( · ) := ω(JY, · ) = −g(Y, · ). Since Y is a
tangent vector field, the condition such that Y is locally gradient is equivalent to
dη = 0. This equivalence will be used later. Let u = (u1, . . . , uk) 7→ (xi(u))mi=1 be
a natural parametrization in Uλ(V ) defined by (13). Let Y
i(u) be the coefficient of
∂/∂xi of Y (u). Let t = (tk+1, . . . , tm) be a (m− k)-dimensional parameter. Then,
a local parametrization of L(V, Y ) is defined by
(18) (u, t) 7→
(
x(u),
m∑
i=k+1
tiΘλ(ζ
i) + Y (u)
)
∈ L(V, Y ) ⊂ TUλ/(Λ|Uλ).
Hence, the tangent vectors associated with this parametrization are given by
Wj :=
∂
∂uj
+
m∑
ℓ=1
∂Y ℓ(u)
∂uj
∂
∂yℓ
, Zi :=
m∑
ℓ=1
〈eℓ, ζi〉 ∂
∂yℓ
= ζi♯.
First, we have ω(Zi, Zi′) = 0 since Zi is tangent to a torus fiber and each torus
fiber is Lagrangian. Next, we will show that ω(Wj , Zi) = 0. Since ∂/∂y
ℓ is tangent
to a torus fiber and each torus fiber is Lagrangian, we have
ω(Wj , Zi) = ω
(
∂
∂uj
, ζi♯
)
.
Then, by (17), we have ω(Wj , Zi) = 0. Note that the above argument does not
depend on whether Y is locally gradient or not. Finally, we compute ω(Wj ,Wj′ ).
Note that
(19)
ω(Wj ,Wj′ ) =ω
(
∂
∂uj
,
m∑
ℓ′=1
∂Y ℓ
′
∂uj′
∂
∂yℓ′
)
+ ω
(
m∑
ℓ=1
∂Y ℓ
∂uj
∂
∂yℓ
,
∂
∂uj′
)
=
m∑
ℓ′,i=1
∂2Kλ
∂xi∂xℓ′
∂Y ℓ
′
∂uj′
∂xi
∂uj
−
m∑
ℓ,i=1
∂2Kλ
∂xℓ∂xi
∂Y ℓ
∂uj
∂xi
∂uj′
.
On the other hand, the coefficient of duj of η is given by
(20) ηj =ω
(
Y,
∂
∂uj
)
= ω
(
m∑
i=1
Y i
∂
∂yi
,
m∑
ℓ=1
∂xℓ
∂uj
∂
∂xℓ
)
= −
m∑
i,ℓ=1
∂2Kλ
∂xi∂xℓ
Y i
∂xℓ
∂uj
.
Differentiating (20) with respect to uj
′
gives
∂ηj
∂uj′
=−
m∑
ℓ,ℓ′,i=1
∂3Kλ
∂xℓ′∂xi∂xℓ
∂xℓ
′
∂uj′
Y i
∂xℓ
∂uj
−
m∑
ℓ,i=1
∂2Kλ
∂xi∂xℓ
∂Y i
∂uj′
∂xℓ
∂uj
−
m∑
ℓ,i=1
∂2Kλ
∂xi∂xℓ
Y i
∂2xℓ
∂uj′∂uj
.
Since the first and third term are symmetric with respect to j, j′, the condition
such that
∂ηj
∂uj′
=
∂ηj′
∂uj
is equivalent to
m∑
ℓ,i=1
∂2Kλ
∂xi∂xℓ
∂Y i
∂uj′
∂xℓ
∂uj
=
m∑
ℓ,i=1
∂2Kλ
∂xi∂xℓ
∂Y i
∂uj
∂xℓ
∂uj′
.
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The former means dη = 0, and the latter means ω(Wj ,Wj′ ) = 0 for all j, j
′ by (19).
Thus, the proof is complete. 
Next, we consider the special Lagrangian condition for L(V, Y ).
Proposition 5.4. Assume that L(V, Y ) is a Lagrangian submanifold. Then, it is
a special Lagrangian submanifold with phase e
√−1θ0 in (X(B), ω,Ω) if and only if
V and Y satisfy
arg det[W(u)|Z] = θ0
for each natural parametrization u, see (13) and (14).
Proof. Let u = (ui)ki=1 7→ (xi(u))mi=1 be a natural parameterization of B(V ) in Uλ
and let (u, t) be the local coordinates given by (18). Then, we have
dzi =dxi +
√−1dyi =
k∑
j=1
(
∂xi
∂uj
+
√−1∂Y
i
∂uj
)
duj +
√−1
m∑
j=k+1
〈ei, ζj〉dtj
=
k∑
j=1
cij(u)du
j +
√−1
m∑
j=k+1
〈ei, ζj〉dtj
as a 1-form on L(V, Y ). Then, it is clear that the coefficient of
du1 ∧ · · · ∧ duk ∧ dtk+1 ∧ · · · ∧ dtm
of Ω = dz1 ∧ · · · ∧ dzm restricted to L(V, Y ) is det[W(u)|Z]. Then, the proof is
complete. 
6. Construction of a complex submanifold with a connection in W (B)
Let (B,D,K) be an m-dimensional tropical manifold. Fix construction data
(k, V, Y ). Let (xλi )
m
i=1 be tropical coordinates on Uλ. For each x ∈ Uλ, define an
isomorphism Θ˜λ : R
m → T ∗xB by
Θ˜λ
(
m∑
i=1
yiei
)
:=
m∑
i=1
yidx
λ
i ,
where (ei)
m
i=1 is the standard basis of R
m. Let Vλ(x) be the local expression of
V (x) defined by (9). Recall that its linear part is denoted by V λ(x). Since V is a
constant section, for each λ there exist ξ1, . . . , ξk, ζk+1, . . . , ζm in Z
m and a ∈ Rm
which satisfy (8). Since this basis is unimodular, V λ(x)/Z
m is isomorphic to a
k-dimensional torus T k. By using the map Θ˜λ : R
m → T ∗xB, a k-dimensional
subtorus T (V )x in the torus fiber f˜
−1(x) = T ∗xB/Λ
∗
x is defined by
T (V )x := Θ˜λ(V λ(x))/Λ
∗
x.
Form Lemma 5.1, it follows that Θλ(V
⊥
λ (x)) = T
⊥
x B(V ). Thus, Θ˜λ(V λ(x)) is just
the conormal space of T⊥x B(V ), precisely
Θ˜λ(V λ(x)) = {w ∈ T ∗xB(V ) | 〈v, w〉 = 0 for all v ∈ T⊥x B(V ) },
and this implies that T (V )x does not depend on the choice of the tropical chart. By
summing up all T (V )x over B(V ), we get a T
k-bundle over B(V ), and we denote
its total space by
C(V ) :=
⋃
x∈B(V )
T (V )x.
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The dimension of the fiber is k and the one of the base is k. Hence, C(V ) is a real
2k-dimensional submanifold in W (B).
Lemma 6.1. C(V ) is a complex submanifold in W (B).
Proof. Let u = (ui)ki=1 7→ (xi(u))mi=1 be a natural parameterization of B(V ) in Uλ.
We denote the x˜j -coordinates, the Legendre transform of xj , at the point (x
i(u))mi=1
by x˜j(u). Then, (10) and (13) yield
(21) u1ξ1 + · · ·+ ukξk + a = x˜1(u)e1 + · · ·+ x˜m(u)em.
For v = (v1, . . . , vk), we assign the point
v1Θ˜λ(ξ1) + · · ·+ vmΘ˜λ(ξm)
in T (V )x. This gives local coordinates on T (V )x. Also we denote the y˜j-coordinates
at this point by y˜j(v). Then, we have
(22) v1Θ˜λ(ξ1) + · · ·+ vmΘ˜λ(ξm) = y˜1(v)dx1 + · · ·+ y˜m(v)dxm.
Thus, (u, v) 7→ (x˜(u), y˜(v)) gives local coordinates on C(V ). Differentiating (21)
and (22) gives
(23)
∂x˜j
∂ui
= 〈ξi, ej〉 = ∂y˜j
∂vi
and
∂x˜j
∂vi
= 0 = −∂y˜j
∂ui
.
Thus, (u, v) 7→ (x˜(u), y˜(v)) is a holomorphic map from some domain in Ck toW (B)
such that it gives local coordinates on C(V ). This shows that C(V ) is a complex
submanifold in W (B) with complex dimension k. 
Let C := C(V ) × C be the trivial complex line bundle with the standard Her-
mitian metric h := 〈 · , · 〉. Recall that a smooth section Y ∈ Γ(B(V ), ι∗(TB)) is
chosen as a part of construction data. Then, a Hermitian connection DY on C is
defined by
DY := d+
√−1
m∑
j=1
Yjdy˜j,
where Yj(x) is the coefficient of ∂/∂xj of Y (x) and dy˜j is regarded as a 1-form
on C(V ) by pulling it back by the inclusion map C(V ) →֒ W . Note that this
definition does not depend on the choice of tropical coordinates. Actually, let
(Uλ, (x
λ
i )
m
i=1) and (Uν , (x
ν
i )
m
i=1) be two tropical coordinates which have a nonempty
intersection. Denote by Y λj (x) and Y
ν
j (x) the coefficient of ∂/∂x
λ
j and ∂/∂x
ν
j of
Y (x), respectively. Then, the relations
Y νℓ =
m∑
j=1
∂xνℓ
∂xλj
Y λj and dy˜
ν
ℓ =
m∑
j=1
∂xλj
∂xνℓ
dyλj
show that the definition ofDY does not depend on the choice of tropical coordinates.
The following is a mirror side proposition which corresponds to Proposition 5.2.
Proposition 6.2. DY = d if and only if Y (x) ∈ T⊥B(V ) for all x ∈ B(V ).
Proof. We work on a tropical chart (Uλ, (xi)
m
i=1). Assume that D
Y = d. Then,∑
j Yj(x)dy˜j = 0 as a 1-form on C(V ). Let {fα}kα=1 be a basis of TxB(V ). Define
coefficients f˜ jα and f
j
α by
fα =
m∑
j=1
f˜ jα
∂
∂x˜j
and fα =
m∑
j=1
f jα
∂
∂xj
,
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respectively. Then, there is a relation
f˜ jα =
m∑
ℓ=1
∂x˜j
∂xℓ
f ℓα =
m∑
ℓ=1
∂2Kλ
∂xj∂xℓ
f ℓα.
By the inclusion map B(V ) →֒ C(V ), the tangent vector fα is considered as a
vector in TxC(V ). Since C(V ) is a complex submanifold, we know that Jfα is also
in TxC(V ), and it is written as
Jfα =
m∑
j=1
f˜ jα
∂
∂y˜j
for α = 1, . . . , k. Then, it follows that
(24)

 m∑
j=1
Yj(x)dy˜j

 (Jfα) = m∑
j=1
Yj(x)f˜
j
α =
m∑
j,ℓ=1
∂2Kλ
∂xj∂xℓ
Yj(x)f
ℓ
α.
By the assumption, the left hand side is 0. This shows that Y (x) is normal to
TxB(V ) since the Riemannian metric on B(V ) is the restriction of
g =
m∑
j,ℓ=1
∂2Kλ
∂xj∂xℓ
dxℓ ⊗ dxj .
The converse also follows from the formula (24) and the fact that the union of
{fα}kα=1 and {Jfα}kα=1 is a basis of TxC(V ). 
By Proposition 6.2, we can assume that Y ∈ Γ(B(V ), ι∗(TB)) satisfies Y (x) ∈
TxB(V ) without loss of generality. Namely, Y is a vector field on B(V ). We say
that the connection DY is integrable if it defines a holomorphic structure on C,
equivalently the (0, 2)-part of the curvature 2-form F of DY is zero. It is proved
in Proposition 2.3 in [1] that the existence of a local potential for Y implies the
integrability of DY . Here, for reader’s convenience, we give its equivalence though
the proof of the converse is straightforward. This is a mirror side proposition which
corresponds to Proposition 5.3.
Proposition 6.3. DY is integrable if and only if Y is locally gradient, that is,
Y = ∇f for some locally defined smooth function f on B(V ).
Proof. Let (u, v) 7→ (x˜(u), y˜(v)) be holomorphic coordinates on C(V ) taken in the
proof of Lemma 6.1. Then, the curvature 2-form of DY is given by
F = d

√−1 m∑
j=1
Yjdy˜j

 = √−1 m∑
j=1
k∑
i=1
∂Yj
∂ui
dui ∧ dy˜j .
By (23), we have dy˜j =
∑k
ℓ=1〈ξℓ, ej〉dvℓ. These give
(25) F =
√−1
m∑
j=1
k∑
i,ℓ=1
〈ξℓ, ej〉∂Yj
∂ui
dui ∧ dvℓ = √−1
k∑
i,ℓ=1
∂〈Θ˜(ξℓ), Y 〉
∂ui
dui ∧ dvℓ.
Put the complex coordinate wi := ui+
√−1vi on C(V ). Then, the (0, 2)-part of F
is given by
F (0,2) =
1
2
∑
1≤i<ℓ≤k
(
∂〈Θ˜(ξℓ), Y 〉
∂ui
− ∂〈Θ˜(ξi), Y 〉
∂uℓ
)
dw¯i ∧ dw¯ℓ.
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Hence, the condition F (0,2) = 0 is equivalent to that the 1-form η′ defined by
η′ := −
k∑
j=1
〈Θ˜(ξj), Y 〉duj
is closed. Here, note that η′ is nothing but η( · ) = ω(Y, · ) defined in the proof of
Proposition 5.3. Actually, from (20) it follows that
ηj =−
m∑
i,ℓ=1
∂2Kλ
∂xi∂xℓ
Y i
∂xℓ
∂uj
= −
m∑
i=1
∂
∂uj
∂Kλ
∂xi
Y i
=−
m∑
i=1
∂x˜i
∂uj
Y i = −
m∑
i=1
〈ξj , ei〉Y i = −〈Θ˜(ξj), Y 〉,
where we used the relation x˜i = ∂Kλ/∂x
i at the third equality and used (23) at
the last equality. Thus, the integrability of DY is equivalent to the closedness of
ω(Y, · ), and the latter is equivalent to the existence of a local potential of Y . 
Next, we consider the deformed Hermitian Yang–Mills condition for DY . This
is a mirror side proposition which corresponds to Proposition 5.4.
Proposition 6.4. Assume that the connection DY of the trivial line bundle C over
C(V ) is integrable. Then, it is a deformed Hermitian Yang–Mills connection with
phase e
√−1θ0 if and only if V and Y satisfy
arg det [W(u)|Z] = θ0
for each natural parametrization u, see (13) and (14).
Proof. Let (u, v) 7→ (x˜(u), y˜(v)) be holomorphic coordinates on C(V ) taken in the
proof of Lemma 6.1. Note that by (23) these coordinates satisfy
dx˜i =
k∑
ℓ=1
〈ξℓ, ei〉duℓ and dy˜j =
k∑
ℓ=1
〈ξℓ, ej〉dvℓ.
From (25) with the condition F (0,2) = 0, it follows that
F = F (1,1) = −1
2
k∑
i,j=1
∂〈Θ˜(ξj), Y 〉
∂ui
dwi ∧ dw¯j ,
where wi = ui +
√−1vi. By a straightforward computation, the restriction of ω˜ to
C(V ) is given by
ω˜ =
m∑
i,j=1
Kijλ dx˜i ∧ dy˜j =
√−1
2
m∑
i,j=1
k∑
ℓ,p=1
Kijλ 〈ξℓ, ei〉〈ξp, ej〉dwℓ ∧ dw¯p.
This yields that
ω˜ + F =
√−1
2
k∑
i,j=1

 m∑
ℓ,p=1
Kpℓλ 〈ξi, ep〉〈ξj , eℓ〉+
√−1∂〈Θ˜(ξj), Y 〉
∂ui

 dwi ∧ dw¯j
on C(V ). Furthermore, it is easy to see that
∂xℓ
∂ui
=
m∑
p=1
∂xℓ
∂x˜p
∂x˜p
∂ui
=
m∑
p=1
Kpℓλ 〈ξi, ep〉 and
∂〈Θ˜(ξj), Y 〉
∂ui
=
m∑
ℓ=1
〈ξj , eℓ〉∂Yℓ
∂ui
,
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where Yi is the coefficient of ∂/∂x
i of Y . Combining the above equalities gives
ω˜ + F =
√−1
2
k∑
i,j=1
m∑
ℓ=1
〈ξj , eℓ〉
(
∂xℓ
∂ui
+
√−1∂Yℓ
∂ui
)
dwi ∧ dw¯j
=
√−1
2
k∑
i,j=1
m∑
ℓ=1
〈ξj , eℓ〉cℓi(u)dwi ∧ dw¯j .
Thus, we have
(ω˜ + F )k =
(√−1
2
)k
k!(−1)k(k−1)/2 det(bij(u))dW ∧ dW¯ ,
where bij(u) :=
∑m
ℓ=1〈ξj , eℓ〉cℓi(u) and dW := dw1∧· · ·∧dwk. Put B(u) := (bij(u))
and
X :=


〈ξ1, e1〉 · · · 〈ξk, e1〉
〈ξ1, e2〉 · · · 〈ξk, e2〉
...
. . .
...
〈ξ1, em〉 · · · 〈ξk, em〉

 .
Noting that
t[X|Z][W(u)|Z] =
[
B(u) O
tZW(u) tZZ
]
,
we have
(26) detB(u) = (det(tZZ))−1 det [X|Z] det [W(u)|Z] .
Since
(ω˜ + F )k
detB(u)
=
(√−1
2
)k
k!(−1)k(k−1)/2dW ∧ dW¯
and the right hand side is a real form, the condition such that DY is a deformed
Hermitian Yang-Mills connection with phase e
√−1θ0 , that is,
Im
(
e−
√−1θ0(ω˜ + F )k
)
= 0
is equivalent to arg detB(u) = θ0. Furthermore, by (26), this is equivalent to
arg det [W(u)|Z] = θ0. Thus, the proof is complete. 
Proof of Theorem 1.4. The first statement immediately follows from Proposition
5.3 and 6.3, and the second statement also immediately follows from Proposition
5.4 and 6.4. 
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